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Abstract. The objective of this paper is to present a novel method
to design a suboptimal controller for a wide class of nonlinear op-
timal control problems. The proposed method is a combination
of a Legendre pseudospectral successive approximation method
(PSAM) and Newton method, for solving the extreme conditions
derived by Ponteryagin’s maximum principle (PMP). An illustra-
tive numerical example is included to demonstrate the accuracy,
efficiency and the reliability of the proposed method.

1. Introduction

In the control theory, a major importance is conferred to optimal
control problems. This interest is justified by the great number of
practical applications in physics, economy, aerospace, chemical engi-
neering, robotic, etc. For the general optimal control problem (OCP),
however, an analytical solution does not exist. This has inspired re-
searchers to propose approaches to obtain an approximate solution for
it. It is well-known that the OCP leads to a TPBVP obtained from the
PMP. Many recent approaches have been devoted to solve this problem.
Recently, a growing interest has been appeared toward the application
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of approximate analytical techniques in solving this TPBVP. In [1],[2],
the authors give an analytical approximate solution for linear and non-
linear quadratic OCP’s using the homotopy perturbation and analysis
methods (HPM and HAM). Also, in [3], the basic and a modified VIM
are successfully applied to the TPBVP, obtained from nonlinear qua-
dratic OCP’s. In this paper, a novel Newton PSAM is proposed. We
first derive the TPBVP from the PMP and then apply a novel Newton
PSAM to solve it. This method is applicable for a large class of linear
and nonlinear OCP’s. The simplicity and the efficiency of the proposed
Newton PSAM is demonstrated through an illustrative example.

2. Statement of the OCP and optimality conditions

Consider the following optimal control problem:

J [x, u] = 1
2

∫ tF
0

(Q(x(t)) + uT (t)Ru(t))dt
ẋ(t) = f(t, x(t)) + g(t, x(t))u(t), t ∈ [0, tF ]
x(0) = x0.

(2.1)

where x(t) ∈ Rn and u(t) ∈ Rm are denoting the state variable and
control variables, and x0 the given initial state at t = 0. Q(x(t)) a
positive semi-definite real function and R ∈ Rm×m a positive definite
matrix. The known extreme necessary conditions are:

ẋ = f(t, x) + g(t, x)[−R−1gT (t, x)λ]

λ̇ = −
(

1
2
∇Q(x) + (∂f(t,x)

∂x
)Tλ+

∑n
i=1 λi[−R−1gT (t, x)λ]T ∂gi(t,x)

∂x

)
x(0) = x0, λ(tF ) = 0.

(2.2)
where λ(t) ∈ Rm is the co-state vector and the optimal control law
is obtained by u∗ = −R−1gT (t, x)λ. For convenience, let X(t) =
[X1, ..., Xn+m] := [x(t);λ(t)] and define the right hand sides of (2.2)
as,

Ψ(t, x, λ) :=

[
f(t, x) + g(t, x)[−R−1gT (t, x)λ]

−
(

1
2
∇Q(x) + (∂f(t,x)

∂x
)Tλ+

∑n
i=1 λi[−R−1gT (t, x)λ]T ∂gi(t,x)

∂x

)]
(2.3)

Thus the TPBVP in (2.2) can be rewritten in the operator form as:

Fr[X(t)] := Lr[X(t)] +Nr[X(t)] = 0, r = 1, 2, ..., n+m,
X1:n(0) = x0, Xn+1:n+m(tF ) = 0,

(2.4)

where Lr and Nr are linear and nonlinear operators.
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3. A Novel Pseudospectral Newton SAM

In this section, we propose a novel PSAM to solve the TPBVP in
(2.4). Construct a sequence of solutions for solving (2.4), as follows:

Lr[Xk+1(t)] = −Nr[Xk(t)], r = 1, 2, ..., n+m, (3.1)

F ′
r[Xk+1(t)] (Xk+2(t)−Xk+1(t)) = Fr[Xk+1(t)], (3.2)

for which k ≥ 0, the first n entries of Xk+1(t) at t = 0 are x0 and its
last n entries at t = tF are 0.

Let Li(t) be the shifted Legendre polynomials for t ∈ [0, tF ] and tNj ,
0 ≤ j ≤ N , be the Legendre-Gauss-Lobatto (LGL) points. Suppose
Xr,k(t) ∈ R be the rth component of the unknown vector function
Xk(t). Then Xr,k(t) can be approximated by means of the Legendre

basis polynomials up to order N , Xr,k(t) ≈ XN
r,k(t) =

N∑
j=0

Lj(t)X
N,j
r,k ,

where XN,j
r,k is the unknown coefficient of the Legendre polynomial of

degree j, Lj(t). To approximate the derivatives of the unknown func-
tion Xr,k(t) at the collocation points, we use the Legendre spectral
differentiation matrix D as the matrix vector product

Ẋr,k(t
N) ≈ ẊN

r,k(t
N) = DYN

r,k, (3.3)

where tN = [tN0 , t
N
1 , ..., t

N
N ]

T , and YN
r,k = [XN,0

r,k , XN,1
r,k , . . . , XN,N

r,k ]T is the
vector of function Xr,k(t) values at the collocation points and D =
2D/tF where D is an (N + 1) × (N + 1) matrix whose entries are
defined as in [4]. Now, we substitute the approximate solution, XN

r,k(t),
into (3.1)-(3.2) and require that it satisfy the equations at the LGL
nodes. This requirement generates the following pseudospectral SAM
(PSAM):

AWN
k+1 = −N[WN

k ], k ≥ 0, (3.4)

F′N
k+1(W

N
k+2 −WN

k+1) = −FN
k+1, (3.5)

WN
k+1,1:n(t

N
0 ) = x0, WN

k+1,n+1:n+m(t
N
N) = 0, (3.6)

where N[WN
k ] is an (N + 1)(n + m) column vector whose Nr[W

N
k ]

corresponds to Nr[Xr,k(t)] when evaluated at the collocation points for
any r = 1, 2, . . . , N . The matrix A is an ((N + 1)(n + m))2 square
block matrix which is derived from transforming the linear operators
Lr,r = 1, . . . , n + m, at LGL collocation nodes, using the derivative
matrix D and defined as A = (Ar,i),

Ar,i =

{
D+ pr,i(t

N)T I, r = i,
pr,i(t

N)T I, r ̸= i,
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Table 1. The maximum error of PSAM for x1(t) with
N = 20, compared to VIM [3] and HAM [2].

k CPU time Max error CPU time Max error CPU time Max error
(sec.) NSAM (sec.) VIM (sec.) HAM

2 0.018822 4.8041e-04 0.047 5.1463e-1 0.34972 6.5807e-2
3 0.023131 6.2656e-05 0.094 1.7670e-1 1.19685 6.0841e-2
4 0.040204 6.2633e-05 0.109 1.3528e-1 3.05910 5.2627e-2

where I is an identity matrix of order N + 1. Also, F and F′ can be
defined in a similar manner.

4. Illustrative example

Consider the two-dimensional nonlinear composite system described
by

ẋ1 = x1 − x3
1 + x2

2 + u1

ẋ2 = −x2 + x2(x1 + x2
2) + u2

x1(0) = 0, x2(0) = 0.8.

The quadratic cost functional to be minimized is given by:

J =
1

2

∫ 1

0

(x2
1 + x2

2 + u2
1 + u2

2)dt.
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Background 
and Aim:  

Rest state fMRI (rsfMRI) is recently used in many pathologic 
and mental conditions [1]. The study of resting state networks 
(RSNs) have revealed differences in many neurodegenerative 
disorder, especially in Parkinson disease (PD). In this study, 
we investigated differences of RSNs using dual regression 
method  

Methods:  

FMRI data have been recorded of 10 Parkinson's and 10 
healthy people in the 3T Siemens MRI system. Low 
resolution affine co-register fMRI volume to bet structural 
image of the corresponding subjects and further to MNI152 
standard space. After the other preprocessing as usually 
analyze in FSL, Time series concatenation was implemented 
by 0.7 excitation threshold. (Melodic 3.14) The whole brain 
RSNs were identified using high model order independent 



component analysis (ICA) with variance normalization to 
analyze between group network characteristics by Multi 
session temporal concatenation. Between two groups analysis 
was carried out using FSL dual regression technique with 
threshold corrected p-value for voxel-wise comparisons and 
5000 permutations with GLM matric [2, 3]. With variance 
normalization, the dual regression reflects differences in both 
activity and spatial spread of the RSN [4].  

Results:  

Resting-state networks from the heath subject identified as 
RSNs and which were used for the dual regression analysis. 
The normal resting-state networks are shown in FSL yellow 
color (Fig 1, Table 1). The differences between patients with 
Parkinson disease and healthy controls were markedly 
smaller in the dual regression with normalization. (Fig 2, 
Table 2).  

Conclusion:  

The differences between groups in the network shape seemed 
to be relatively limited when gray matter differences were 
adjusted. The variance normalized dual regression results 
suggest that the functional connectivity of the baseline RSNs 
is altered rather than the shape of the network in patients with 
Parkinson disease when compared with healthy controls. 
Using this protocol, increased connectivity was found in 
several networks within patients with Parkinson disease 
compared to the control group.  

Keywords: Parkinson’s disease, dual regression, resting-state network, 
independent component analysis 
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To : Farzaneh Farrokhfar, Artist in Iran
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December 6th to be held in the Republic of Korea, which would comprise of exhibition,
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transport, picked up and brought to the Incheon International airport(ICN) from 25th

November to 14th December.
The event is hosted by the World Culture Artists Association, Inc.(WCAA), and
management of the International Creative artists Association (ICAA) in the Republic of
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Residence : Kyungnam Tourism Hotel, 110, Janghan-ro, Dongdaemoon-gu, Seoul, Korea
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1. Seoul International Art Festival "PEACE & LOVE " 2017 at the Chosunilbo Museum
From December 6th to December 12th.

2. Internal Academic Art Seminar "Antiwar" 2017 at the Woonbonghall in Induk
University from December 6th, 8th.

3. World Youth Art Festival "Window" 2017 at the Chosunilbo Museum & Ajung Art
Museum in Induk University from December 6th to 12th , December 14th to 20th.

4. International Painting Symposium "L O V E" 2017 at the Chosunilbo Museum
From November 25th to December 3rd.

Thank you.

August 1, 2017

Chairwoman Bosuk Lee

World Culture Artists Association, Inc.
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